Fault tolerance is an important design criterion for robotic systems operating in hazardous or remote environments. This article addresses the issue of tolerating a free-swinging joint failure by focusing on how to best configure a slow-moving manipulator before a failure. Three scalar measures of fault susceptibility are defined using joint torques/forces, acceleration, and swing angles. Minimizing these measures is an approach to achieving fault tolerance, and for this, algorithms to calculate their gradients are given. The formulas are valid for general n-link manipulators.
I. INTRODUCTION
Robots that operate in remote or hazardous environments must be used in a manner that reflects the implications of failure scenarios on system performance [l, 2, 31. Kinematically redundant robots have been proposed for use in such environments due to their dexterity before a failure and ability to continue operation after a failure [4, 5, 61 . A crucial component of any system designed to tolerate failures is the ability to detect and address different failure modes [7] . Much of this previous work has focused on failures that are modeled a5 locked joints, either because the failure directly results in an inability to move or because brakes are applied to prevent unpredictable behavior.
In contrast, the study of free-swinging failures is still in its infancy and presents fresh problems and additional possibilities for usefulness after a failure [8] . The term free-swinging failure refers t o a hardware or software fault in a robotic manipulator that causes the loss of torque (or force) on a joint. Examples include a ruptured seal on a hydraulic actuator, the loss of electric power and brakes on an electric actuator, and a mechanical failure in a drive system. After a free-swinging failure, the failed joint moves freely under the influence of external forces and gravity, hence the descriptive label.
The work described here addresses the issue of how
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to best configure a slow-moving kinematically redundant manipulator in anticipation of a free-swinging failure. Manipulators used in hazardous or remote environments are typically slow moving. Kinematic redundancy allows the best configuration to be found by establishing fault tolerance as a secondary criterion to be met without affecting the end-effector task. Three secondary criteria will be developed for this purpose, each addressing a different aspect of a failure: torque/force, acceleration, or swing angle.
A MATHEMATICAL FRAMEWORK FOR ESTABLISH-ING FAILURE-SUSCEPTIBILITY MEASURES
The method for reducing the likelihood or negative consequences of a failure is this: A scalar measure of failure susceptibility is defined as a function of the joint variables, then it is minimized using the manipulator's kinematic redundancy. The approach to defining an overall measure will be to first establish for each joint a measure of susceptibility to a failure of that joint alone, then combine these in a meaningful way to form the comprehensive scalar measure.
Let ki(q) be the failure-susceptibility measure of joint i alone. Then, for an n-degree-of-freedom manipulator, a column of joint measures, k(q), is formed as follows:
(1) Let fk represent the comprehensive failuresusceptibility measure. Then for positive semidefinite weighting matrix wk, the form of fk to be used in this work is fk(q) = k(q)TWkk(q>.
(2)
To reduce the effects of an impending free-swinging joint failure, fk is minimized. Several widely known methods of optimizing secondary cost functions under the constraint of completing a primary task have been presented. The augmented-Jacobian technique [9, 101 can be used to track a desired value of the secondary criterion function. For precise tracking of critical points, the extended-Jacobian technique is appropriate [ll] . And to track a local minimum or maxinium, the gradient-projection method can be used [12, 131. These techniques require knowledge of the gradient of the function.
Application of the chain rule to (2) gives the gradient of f k as
With this, V fk is established as a functian of the jointwise measures (ki's) and their gradients (Vki's). Sections 111, IV, and V to follow will develop values for the ki's (each addressing a different failure aspect) and methods to calculate their gradients.
A TORQUE-BASED MEASURE
In this section, a fault-susceptibility measure will be given that is based on the joint torquea/forces (hereafter 'joint torque" will be used to denote either torque or force for rotational or prismatic joints, respectively). A joint-torque-based measure is appropriate in that the torques at a manipulator's joints are related to both the effect and likelihood of a failure. !Should joint i undergo a free-swinging failure during operation, the torque on joint i is precisely the instantaneous forcedomain change induced by the failure. It is related to the joint acceleration after a failure (this relationship will be detailed in Section IV), and if it is zero the failure will have no immediate effect. Moreover, a joint under less torque is less likely to fail. (The load to induce a failure in a mechanical part is reasonably assumed to have a normal distribution [14] .) Thus, minimizing the joint-torque-based failure-susceptibility measure will both limit the effect of a failure andl help prevent the onset of a failure.
A shortcoming of the torque-based measure is that a low-torque solution may result in a high swing angle for a rotational joint after a failure. This issue will be addressed in Section V.
A . Definition of the Measure, fg(q)
Joint torques are functions of the manipulator's motion and configuration. For a viscous friction model, this relationship is expressed mathematically as follows:
. (5) Here, 7 is the vector of joint torques; q is the vector of joint positions; M(q) is the manipulator inertia matrix; C(4, q) is the rnatrix specifying centrifugal and Coriolis effects; V(q) is; the viscous-friction matrix; and g(q) is the vector of joint torques due to gravity.
Local optimization of the total torque given by (5) has been addressed [15], but it was found that this approach has regions of inherent instability [16] . The task of globally optimizing a function of the torques from (5) over a path has also been addressed [17, 181, but such global optimizations are computationally complex and not appropriate €or on-line control. For a slow-moving manipulator, however, an approximation can be made that allows stable on-line optimization. The torques can be reduced to those of the static case, where 4 and ; i vanish, and (5) becomes 7 = dq).
(6)
This gives the vector of joint torques needed to counter gravity in a stationary manipulator, and each individual torque forms a measure through its magnitude of the susceptibility to a free-swinging failure of its joint.
Using k == g in (2) gives f , , the scalar failuresusceptibility measure for the torque-based approach.
Here wk = w', is a positive semidefinite matrix that weights the relattive importance of the joint torques (see Section VI for izn example).
B. Calculating the Gradient, Of,
For k = g, (3) establishes the gradient of the overall cost function as a function of the joint torques (g) and the torques' gradients (Dg). The remainder of this section describes a method for finding these quantities.
B . l Joint i Rotational calculated as folllows:
When joint i is rotational, the torque gi can be gi = ( i i -1 x i';-i). f,
(7)
where it is the unit vector along joint + 1, the z-axis of the Ph Denavit-Hartenberg (D-H) coordinate frame;
Zt is the first moment of inertia of the composite rigid body formed by links e + 1 through n referred to the origin of D-H frame e; and 3 is the gravity vector in the upward directim.
Let Mi be ithe composite mass of links i through n, calculated for all joint types as follows:
Here mi is the mass of link i. Using these values, the composite first-moment-of-inertia vector as expressed in the ith D-H frame can be calculated for all joint types as follows:
Here, '&+I is the 3 x 3 rotation matrix representing D-H frame i + 1 in frame i; & is the first-moment-ofinertia vector for link f? referred to and expressed in its own D-H frame; and $;+l is the vector from the origin of D-H frame i to the origin of frame f?, expressed in frame e.
The gradient of g; has entries $. For joint i rotational, using (7), the values of these entries are given by provided L i i -1 and &q-l are found with respect to the base frame and $ is constant in the base frame. This allows calculation of the gradient once the vector partial derivatives are found. Equation (10) is given in coordinate-free form, and after calculation of &ii-1 and &Z:-l it can be evaluated in any frame.
B.2 Joint i Prismatic
When joint i is prismatic, the force gj is a function only of the orientation of the joint (as compared to the dependence on the first moment of inertia when joint i is rotational). The value g; is now given by gj = M;i;-l j', (11) and the elements of the gradient are provided &&-I is found with respect to the base frame and j' is constant in the base frame. Like (lo), this can be evaluated in any frame once the vector partial derivatives are found.
C. Calculation of Bi; and &Sc
The elements of Vg; can be calculated directly from (10) or (12) only after &i; and &q have been evaluated. When joint j is rotational, $2; and &Sc can be found as follows: aqj and when joint j is prismatic,
IV. AN ACCELERATION-BASED MEASURE
The last section presented a fault-susceptibility measure based on the stationary joint torques. Among the justifications for this was joint torque's relationship to joint acceleration after a failure. In this section, the jointwise function will be precisely the acceleration after a failure. Though this new measure does not have the failure-prevention properties of the torque-based approach, it relates more accurately to the immediatefailure dynamics. If failed joint acceleration is low, more time is available to compensate for the failure before significant arm motion. This principle, and the method, applies to both rotational and prismatic joints. As in the torque-based case, a stationary manipulator is assumed as an approximation to a slow-moving manipulator.
A . Definition of the Measure, fa(q)
The velocity of an inertial body cannot change instantaneously. So, at the moment of failure for a stationary manipulator, the joint rates do not change, q remains 0 , and equation (5) Using k = a and Wk = w,, a positive semidefinite weighting matrix, the framework of Section I1 establishes f a , the scalar failure-susceptibility measure for the acceleration-based approach. Note this is an anticipatory measure (the acceleration is manifest only if a failure occurs) and not a measure of a current physical phenomenon as was the torque-based measure. 
The matrix St is the cross-product matrix for &, Si is the cross-product matrix for i ' " , and P i + . t is the crossproduct matrix for &+l. Matrices without a preceding superscript are expressed in their frame cif definition ( ! for Jt, J i I S t , S i , and Pihi).
When joint i is prismatic, Mii is simply the composite mass of links i through n; i.e., Mij = M i , (27) with the composite mass Mi calculated using ( 8 ) . This can be efficiently calculated in frame j -1 .
for changing q j , and thus For joints i and j rotational, i 2 j , Mii is constant For joint i rotational and joint j prismatic, i < j , taking the part,ial derivative of JF-l with respect to q, (now a sliding ,variable) gives, in coordinate-free form, .
.
Using &S;-l = MjZj-1 with (32) in (28), which is valid for all types of joint j , gives this can be efficiently calculated in frame j -1.
For joint i rotational and joint j prismatic, i > j, the composite rigid-body inertia of links i through n is not changed by the value of joint variable j, and thus
(34)
For prisma.tic joint i, all j , the composite mass of links i through n is not changed by the value of joint variable j , and thus, from (27), ( 
35)

V. A SWING-ANGLE-BASED MEASURE
In this section, the failure-susceptibility measure will be based on the angle through which a failed rotational joint moires after a failure, that is, the angle between the prefailure configuration and the settled, postfailure configurakion. This is defined as the swing angle. When it is small, a failure will produce a displacement that will, in a relative sense, be small, and when it is zero, a failure will have no effect (for the given assumptions). The expectation is that with a small swing angle, the manipulator is less likely to cause secondary damage to itself or its environment. This measure is for rotational joints only (prismatic joints do not settle through friction, but hit stops), and, again, a stationary manipulator is assumed as an approximation to slow motion.
If the environment is well known, configurationspace analysis of the workspace could be used to specify a range of swing angles that would not induce collision. No assumptions about the environment, however, are made for for this work, and the approach will be to reduce the magnitude of the swing angles. A shortcoming of a swing-angle based measure is that it provides a limited amount of information on the Cartesian motion of the manipulator-this is the subject of current research.
A . Definition of the Measure, fJ(q)
The swing angle 8, is the angle through which failed joint i moves to find its resting position after a failure.
The resting position is that for which the center of mass of the portion of the manipulator outboard from the failed joint is at its lowest position relative to the gravitational field. This is illustrated for a failure of the base joint in Fig. 1. as given in Section 111, the angle through which joint i would swing were it to fail is given by the angle between the pro- where the range of Atan2 is --x to T ; otherwise, from (7), the torque on joint i is zero, and since a stationary manipulator is assumed, ei = 0.
(39)
The jointwise measure for use within the framework established in Section I1 will be the swing angle. The column vector of joint measures will be given by e = [ & B2 e * * e, 3' . (40) Using k = 8 and Wk = WJ, a positive semidefinite weighting matrix, the framework of Section I1 establishes fi , the scalar failure-susceptibility measure for the swing-angle-based approach.
B. Cdcvlating the Gradient, V f b
The gradient of fb can be calculated using (3), which, for k = 6, establishes the gr_adient of the measure as a function of the swing angles (6) and their gradients If s;.'-l or ?j is parallel to i i -1 , the gradient of 8i is either 0 or undefined and should be set to 0. Otherwise, from (38), the entries of V& are calculated as follows:
( D e ) . 
VI. EXAMPLES
To illustrate the concepts in this art,icle, a threelink, vertically planar manipulator will be used because it is easy to visualize. The techniques and all equations are valid for general manipulators. The example manipulator's link lengths are unity; the link masses are unity; and the center of mass of each link is at the link center. The link inertias are modeled as thin rods. The task will be end-effector positioning only (i.e., orientation is not considered), and with this perspective, the manipulator has one degree of kinematic redundancy.
For the examples, the focus will be on a single joint failure. To achieve this, the choice of W k to be used in (2) is a 3 x 3 matrix with a one in the appropriate diagonal position and all other entries zero. For example, to focus on joint two, the following wk is used:
A . Torque-and Acceleration-Based Examples
Using the type of weighting matrix exemplified by (46) with the gradient projection method gave the results shown in Fig. 3 (with no failure occurring) for the torque-based and acceleration-based approaches with a rectangular end-effector trajectory. For the tor<que-based approach, the method tends to maintain the composite center of mass of the links outboard from the focus joint either above or below the joint. This is partially true for the acceleration-based approach, with a shared tendency to increase the moment of inertia about the focus joint. The difference can be seen by comparing the joint-one-based cases in Fig. 3 . Near the top of the long edge of the trajectory rectangle, joint three is withdrawn for the torquebased case (reducing the torque) but extended for the acceleration-based case (increasing the moment of inertia at the expense of increased torque).
Where zero torque is achievable, the two methods may give the saime configurations. This is the case for the portion of the trajectory along the bottom segment of the rectangle for all cases in Fig. 3 . However, the two methods may not give the same solution even when both have a crit,erion-function value of zero, as is the case along the top segment of the rectangle for the jointone and joint-two cases. This shows the existence of multiple zero torque/acceleration solution sets.
For the joint-three cases, the two methods give the same solution for this example (see Fig. 3 ). This is true in general for focus on the last joint, and follows from the fact tha.t the moment of inertia of the last link about the last joint is static and therefore minimizing the acceleration squared is equivalent to minimizing the torque squared as a direct consequence of (21). 
B. Swing-Angle-Based Examples
Focusing on the joint-two swing angle over a linear trajectory gave the results of Fig. 4 (with no failure occurring). The cost-function was zero over most of the the trajectory, and where zero was not achievable, the swing-angle magnitude was minimized, as is evidenced by the tendency of the last two links to stay under the second joint. Had joint two failed while the arm slowly traversed the trajectory, the deviation of the arm from the desired path would have been small-the worst case criterion function value is 2.1% of its global maximum. Fig. 4 , the joint-rate norm is plotted versus the end-effector x-coordinate for a 10 s constantvelocity trajectory, and the spikes show that the manipulator experiences rapid motion at two points along the path. These points correspond to occurrences of algorithmic singularities-the manipulator's configuration at these points is not a differentiable function of end-effector position under minimizing control. The nature of the failure-susceptibility measure at and near the right-hand point is detailed in Fig. 5 .
Also in
Rapid manipulator motion is undesirable and voids the slow-moving assumption. Reducing the end-effector trajectory speed could prevent this [21], but if constant velocity is desired, a solution is to restrict null-space motion to reduce t h e joint rates without sacrificing endeffector velocity tracking. For example, in simulations, capping the joint-rate norm at 2.0 rad/s for the trajectory of Fig. 4 caused only a minor change in the criterion function with no error in the task. If error in the task were permissible, a damped-least-squares type of solution could be used to limit the joint velocity.
C. Postfailwe Workspaces
For the example manipulator, regions exist in the workspace where, for the case of focus on a single An illustration of the splitting-local-minimum phenomenon based on the joint-two swing-angle-based measure. The manipulator is following a horizontal trajectory while locally minimizing the swing-angle-based measure (the same path as in Fig. 4) . Four plots are shown of the swing-angle-based criterion function versus the first joint angle in radians (measured from horizontal) for configurations giving a desired end point. Each plot corresponds to the end point of the black arm to its left.
The first plot shows the range of all possible values, while the second through fourth plots show a subset. The local minimum is well defined in plots one and two, but becomes poorly defined in plot three, with the end effector at the boundary of the zerocriterion-function region-the system experiences an algorithmic singularity at this point. In the fourth plot, the minimum has split (the black arm corresponds to the right-handminimum), and the end-effector is now well within the zero-criterion-function region of the workspace. (See Fig. 6.) joint, all three fault-susceptibility measures can be zero. These regions correspond to the stable' postfailure workspaces, i.e., the sets of poses that can be reached after a failure. The stable postfailure workspaces for the example manipulator are shown in Fig. 6 . Any point reachable after a failure of joint i is also reachable by a healthy manipulator with all three joint-i-based criterion functions zero (Si = 0 implies no motion after a failure implies a; = 0 implies g; = 0). For example, it was upon the arm's passing into the medium-gray region of Fig. 6 that the criterion function first became zero in Fig. 4 corresponding to the boundary point of Fig. 5 . The arm in this configuration is shown against the regions in Fig. 6. I A zero-torque configuration is stable if the composite center of mass of the links outboard from the failed joint lie below (with respect to the gravitational field) the line coinciding with the axis of the failed joint. 
VII. SUMMARY
This article defined three cost functions which quantitatively reflected the susceptibility of a manipulator to a free-swinging joint failure. The torque-based function measured failure likelihood and force-domain effects; the acceleration-based function measured immediate failure dynamics; and the swing-angle-based function measured susceptibility to secondary damage after a failure. For use in minimization methods, algorithms were given for calculating the gradient of each cost function for a general spatial manipulator. These were used with the gradient-projection technique to show the methods' usefulness for a three-link vertically planar example manipulator.
These three measures address diverse aspects of a robotic system's susceptibility to a failure. They can be used independently or together. When employed to control the motion of manipulators in remote or hazardous environments, they have the potential to reduce the likelihood and negative consequences of a failure and thereby expand the general usefulness of robotic manipulators.
